Abstract. A type analysable in one-based types in a simple theory is itself one-based.
Introduction
Recall that a type p over a set A in a simple theory is one-based if for any tupleā of realizations of p and any B ⊇ A the canonical base Cb(ā/B) is contained in bdd(āA). One-basedness implies that the forking geometry is particularly well-behaved; for instance one-based groups are bounded-by-abelian-by-bounded. Ehud Hrushovski showed in [3, Proposition 3.4.1] that for stable stably embedded types onebasedness is preserved under analyses: If p is stable stably embedded in a supersimple theory, and analysable (in the technical sense defined in the next section) in one-based types, then p is itself one-based. Zoé Chatzidakis then gave another proof for supersimple structures [1, Theorem 3.10], using semi-regular analyses. We shall give an easy direct proof of the theorem stated in the abstract, thus removing the hypotheses of stability, stable embedding, or supersimplicity; it is similar to Hrushovski's proof, but does not use germs of definable functions (which work less well in simple unstable theories), and has to deal with non-stationarity of types. While we are at it, we shall also generalize the notion of bounded closure and one-basedness to Σ-closure and Σ-basedness, where Σ is an ∅-invariant collection of partial types (thought of as small). This may for instance be applied to consider one-basedness modulo types of finite SU-rank, or modulo superstable types.
Our notation is standard and follows [5] . Throughout the paper, the ambient theory will be simple, and we shall be working in M heq , where M is a suffiviently saturated model of the ambient theory. Thus tuples are tuples of hyperimaginaries, and dcl = dcl heq .
Σ-closure
In this section Σ will be an ∅-invariant family of partial types. We first recall the notions of internality and analysability. Definition 1. Let π be a partial type over A. Then π is
• (almost, resp.) internal in Σ, or (almost, resp.) Σ-internal, if for every realization a of π there is B | ⌣A a andb realizing types in Σ based on B, such that a ∈ dcl(Bb) (or a ∈ bdd(Bb), respectively).
• analysable in Σ, or Σ-analysable, if for any a |= π there are (a i : i < α) ∈ dcl(A, a) such that tp(a i /A, a j : j < i) is Σ-internal for all i < α, and a ∈ bdd(A, a i : i < α).
A type tp(a/A) is foreign to Σ if a | ⌣ABb for all B | ⌣A a andb realizing types in Σ over B.
Definition 2. The Σ-closure Σcl(A) of a set A is the collection of all hyperimaginaries a such that tp(a/A) is Σ-analysable.
We think of Σ as a family of small types. For instance, if Σ is the family of all bounded types, then Σcl(A) = bdd(A). Other possible choices might be the family of all types of SU-rank < ω α , for some ordinal α, or the family of all superstable types. If P is an ∅-invariant family of types, and Σ is the family of all P -analysable types to which all types in P are foreign, then Σcl(A) = cl P (A) as defined in [5, Definition 3.5.1]; if P consists of a single regular type p, this in turn is the p-closure from [2] (see also [4, p. 265] Σ-closure is well-behaved with respect to independence.
Since tp(A 0 /B 0 ) is foreign to Σ by Fact 2, we obtain
C by transitivity, and finally A 0 | ⌣B 0 Σcl(C) by foreignness to Σ again.
Σ-basedness
Again, Σ will be an ∅-invariant family of partial types. 
Lemma 6. If tp(a) and tp(b) are Σ-based, so is tp(ab).
Proof: Letā andb be tuples of realizations of tp(a) and tp(b), respectively, and consider a set A of parameters. We add Σcl(āb) ∩ Cb(āb/Σcl(A)) to the language. By Σ-basedness of tp(a) we get
; by Σ-basedness of tp(a) and Lemma 5 applied tō
by Lemma 3 since
Proof: We use induction on β to show that tp( i<β a i ) is Σ-based, for β ≤ α. This is clear for β = 0; it follows from Lemma 6 for successor ordinals. And if β is a limit ordinal, then for any set A Cb(
Proof: Letā be a tuple of realizations of tp(a), and consider a set B of parameters. For every a i ∈ā choose A i with tp(a i A i ) = tp(aA) and 
by definition, we get ab | ⌣C ′ Σcl(a i b i : i < ω), whence C ⊆ C ′ . We obtain C = C ′ ∩ C ⊆ Σcl(ab) ∩ C = dcl(∅), whence ab | ⌣ Σcl(A). Theorem 11. Let p be analysable in Σ-based types. Then p is Σ-based.
Proof: Suppose p = tp(a/A). Then there is a sequence (a i : i < α) ⊆ dcl(aA) such that a ∈ bdd(A, a i : i < α) and tp(a i /A, a j : j < i) is internal in Σ-based types for all i < α. So tp(a i /A, a j : j < i) is Σ-based for all i < α by Corollary 9; we use induction on i to show that tp(a j : j < i/A) is Σ-based. This is clear for i = 0 and i = 1; by Lemma 7 it is true for limit ordinals, and by Lemma 10 it holds for successor ordinals.
Corollary 12. If p is analysable in one-based types, then p is itself one-based.
